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1. INTRODUCTION

The Gibbs sampler has its origin in digital image processing and was introduced
by Geman and Geman [GG]| in 1984 for the Gibbs distribution. It was only in
1990 that Gelfand and Smith [GS] discovered that the Gibbs sampler works for
other distributions as well.

The general idea of the Gibbs sampler is to approximate the modes and mar-
ginal distributions of an unknown distribution p (w), where w = (w1, ...,wy), by
successively taking samples from the known conditional distributions
pi=p(wi|wj,j#1i).

The actual algorithm works as follows:

(1) Set j = 0 and set initial values w® = (wg)), . ,w1(10)>.

(2) For 1 < i < n obtain samples
wi(j) ~p <w1 | W§j), cee 7("}1(1)17 wz'(i_ll)7 cee 7W£Lj_1)>

from the conditional distributions and, therefore, a new value w®.

(3) Increase j by 1 and continue with step 2.

Since the new values depend only on the immediately preceding ones, we clearly
have a Markov process.

The Gibbs sampler was first used in digital image processing, an application
we look at in sections 2 and 5.

In section 3 we will look at Markov random fields and Gibbs distributions and
see how they are related to each other. The most important result in this section
is that they are in fact equivalent.

We will see in section 4 that the Gibbs sampler converges to the unknown
joint distribution p (w), and we will introduce the process of annealing, that is,
gradually reducing the temperature of the system to speed up convergence.

In section 6 we will generalise the results from section 4 and show that the

Gibbs sampler works for other distributions as well. We will introduce two other
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related algorithms, the data-augmentation algorithm, which approximates the
joint distribution given the conditional distributions, and the substitution sam-

pling algorithm, which is very close related to the Gibbs sampler.

2. Di1GITAL IMAGE PROCESSING

Geman and Geman [GG] developped the Gibbs sampler to restore degraded
digital (grey scale) images. Suppose the image has the size m x m pixels, then
let Z,, = {(i,7) | 1 <i,5 < m} denote the set of all possible co-ordinates of the

image, also called the integer lattice. Let F' = (F};) ( denote the matrix

4,)EZm
of pixel intensities of the original image and G = ¢ (H (F)) ® N the matrix of
the degraded image. Here we allow blurring, noise and some nonlinearities. The
function ¢ is nonlinear, H is a linear blurring function and N an independent
Gaussian white noise. The operator ® is any invertible operator. On the pixel

level we write
Gij=1¢ Z H(i—Fk,j—1)Fg | Ovy (2.1)
(k)EZm

for (i,7) € Z.

The original image is a pair X = (F, L) with F' as above and L a matrix of
unobservable edge elements. These edge elements link horizontally or vertically
neighboured pixels and can only have two states; either an edge is present or it

is not.
Definition 2.1. For any finite set S define a neighbourhood system as a map
N:S=B(S),im&CS

such that 1 ¢ S; for all i € S, and 7 € S; iff j € S;. The elements of S; are called

the neighbours of i.

The pair (S,/N') can be seen as a graph with nodes S and arcs N.
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Definition 2.2. A Markov Random Field (MRF) over the (not necessarily
finite) graph (S,N) is a stochastic process (X;), ¢ such that

P(X =w)>0 (2.2)

and
P(Xs=ws | Xy=wi, t#£8)=P(Xs=ws | Xy =wi, t € Ny) (2.3)

for all realisations w of X. The expressions on the left hand side of (2.3) are

called local characteristics.

Note that in the case of digital image processing there is only a finite number

|Zm

of realisations for X, namely LI4=! where L is the number of possible grey levels.

This is usually rather big; for example, take a black/white image with 64 x 64
pixels, then LI#ml = 264x64 — 9409 = () 1044388305 x 10234,
The MRF is a multidemensional generalisation of the definition of a Markov

chain (X)), .y ; take S = Ny and NV, = {n — 1,n + 1} and use the following

neNy’
Remark 2.3. The Markov chain property
P(X,=wn | Xo=wo,...,.Xp1=wp1) =P (X, =wp | Xpo1 = wn_1)
is equivalent to
P(X,=wn | Xo=wo,.. ., Xn-1=wn-1,Xnt1 = Wnit,...) =
P(X,=wn| Xn-1=wn_1, Xns1 = wWni1)-

So all results we will find for MRFs are as well valid for Markov chains.
To prove this, first assume the one-sided Markov property. Therefore we can

transform the joint distribution into

P(X =w)=P(Xo=w) [[P(Xs = ws | Xec1 = wery) (2.4)
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and use the definition of the conditional distribution to get

P<Xn = Wn | Xo=wo,--, Xp1 = wn—lan—H :Wn—l-lu'-‘) -

P(X =w) B
P (Xo =W,y Xl = Wne1, Xpgp1 = W, - - )
P(X =w)

Y PXo=wo, ..., Xn1 =wn1, Xn =, Xng1 = Wngr, -+ -)

Using (2.4) and cancelling out all possible factors then gives

P(X,=wn| Xno1=wn ) P(Xpi =wnpn | X =wn)
S PXn=w|Xp1=wn )P (X1 = w1 | Xn=w')
P (X, =wn, Xpi1 = w1 | X1 = wn1)
Yo P(Xp =, X1 = Wit | X1 = wp1)
P (X, =wn, Xnt1 = wpa1 | Xoo1 = wno1)
P (X1 = wnp | X1 = wp1)

P (Xn = Wn | Xn—l = Wn—1, Xn+1 - wn—i—l)

by applying the definition of the conditional distribution once more.

Now assume the two-sided Markov property. First note that

Z P(Xn+]_ — (JJn+]_,. . ) -

W2

Z P (Xn+1 = wnJrl) P (Xn+2 = Wnp+2; - - ’ XnJrl = wn+1) =

Wn+2;...

P (Xn+1 = wnJrl) Z p (Xn+2 = Wnt2,- .- | XnJrl = wn+1) =

Wn+2;.--

P (Xn+1 = wnJrl)



MONTE CARLO MARKOV CHAIN METHODS 7

Using this fact and the Theorem of Total Probability we write

P(Xn:wn|X0:w0,...,Xn_1:wn_1):

Z P (Xn = Wny .- 7Xn—l = wn—laXn—i-l = Wn+1, - - )P(Xn—i-l = Wn+1, - ) =

WnA-1,..

Z P (Xn = Wn | Xn—l = Wp—1, Xn+1 = wn—i—l) p (Xn+1 = wn-l—l) =

Wn41

P (Xn = Wp ‘ anl = wnfl) )
which is the one-sided Markov property.

Definition 2.4. We call a subset C' C S a clique if i € N for all i, j € C with
1 # j, that is, every pair of distinct elements in C' are neighbours. Let C denote

the set of all cliques.

We assume that F' is an MRF over (S, F) for some suitable set S and neigh-
bourhood system F, which are usually one of the following cases.

Case 1: Take S = Z,,, and
F=F= {‘EJ | (17]) € Zm}

with
Fij =1k € Zn | 0< (k—i)* +(1—j)* <c}.

Some examples for 1 < ¢ < 8 are shown in Figure 1. The symbol e stands for a
neighbour of the symbol o.

Case 2: Take S = D,, the dual lattice, that is, the set of all co-ordinates of L,
the matrix containing the links between pixels. Define a neighbourhood system
L={L;]|d€ Dy} in which each £, contains six elements like those denoted by
an x in Figure 2 for the x in the middle. Between two pixels there might or
might not be a link; the right side of Figure 2 shows a realisation of by a binary

line process randomly allocated links.
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[ J [ X X J 00000

[ ] 00 00 (XXX X} 00000

[ JoX J [ JoI } (X JoX X J (X JoX X J [ X JoX X J

[ ] 00 00 (XX XX} 0000

[ ] [ X X ] 00000

c=1 c=2,3 c=4 c=5,6,7 c=8

FiGURE 1. Neighbourhood system for 1 < ¢ < 8

. . X S .
X X | |
° ° X ° °

Case 3: Take § = Z,, U D,, and the neigbourhood systems i, also called
nearest-neighbour system, for Z,, and the system L defined in case 2 for D,,.

Additionally, an element of Z,, is a neigbour of an element of D,, when they are

adjacent.

In the following section we will see that this is equivalent to F' having a Gibbs

distribution. The example of digital image processing is continued in section 5.

FIGURE 2. Dual lattice

3. MARKOV RANDOM FIELDS AND GIBBS DISTRIBUTIONS

In this section we will have a closer look at MRFs and the Gibbs distribution.

Most of the results stated here are from [GG]| as well.
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Definition 3.1. Given a graph (S, ) and a realisation space 2 = A®, where
A ={0,...,L — 1} is the state space of the single co-ordinates, a Gibbs distri-
bution relative to (S, ) is given by

1
_e_U(w)/T

p(a})ZZ

for w € €2, where T' is a constant, the temperature of the system, U the energy
function given by
Uw) =) Vo),
cec
the function Vi (w) is independent of co-ordinates ws with s ¢ C, and Z is a

normalising constant as we require ) _op(w) =1, so

Z =Y el

weN

The set {Vo | C € C} is called a potential.

The modes of the distribution do not depend on the choice of T. Let
pr (w1) > pr (ws) for some wy,ws € Q. That is, —U (wy) /T > —U (ws) /T. Mul-
tiplying by 7'/S gives —U (wy) /S > —U (w2) /S and therefore pg (w1) > ps (w2)
for all S > 0.

In particular, if S < T and wy a mode of pr and pg, then for any w € Q) we

have pr (wo) > pr (w) or U (wp) < U (w). From this we get

L Se VT 5 Ve

pr (wo) e_U(WO)/T @—U(WO)/T et e—U(UJO)
3 eWlen V)T > §7 (Ul -vls - L
we weN Ps (WD)

that is, ps (wo) > pr (wp). So the modes increase with decreasing temperature.

Lemma 3.2. With U,;, = min{U (w) |w € Q}, the minimal energy, and

Qin = {w € Q| U (w) =Upnin}, the states of minimal energy in §, we even
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have
1/ ‘szn| ) w e szn
1im+p (w) =
=0 Oa w ¢ Qmin
and
lim p(w) =1/
T—
for all w € ).

Proof. To prove the first equality let wy € Q4. Keeping in mind that €2 is finite

we then have

lim ! = lim eUlwo)=U(w))/T _
T-0+ p(wg)  T—0+ e
li (U(wo)=U(w))/T (U(wo)-Uw))/T | _
i (32 e
wWElmin WQQmin
li ) (U(wo)=U(w))/T | _
i (IQmm|+ d e
"Jgﬂmin
Qmin li (U(wo)=U(w))/T —
Bl + 2 €

|Qmm| + Z e = |Qmm| .
W€Qm7,n

Now consider the case wg & ;. Then

1

hm e hm e(U("JO)_U(W))/T >

T—0t p ((,UO) T—0+ o;) —
hm e(U(OJO)_Umin)/T — elimT_>0+ (U(wo)—Umm)/T — eoo = 0.
T—0+

Similarly we prove the second equality.
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The idea is to cool down the system by decreasing the temperature 7' and
therefore find the modes more easily through sampling. The principle is similar
to simulated annealing, see [Gam]| or [Mat], with the difference that the cooling

there is used to stabilise the system at the lowest energy level.

Theorem 3.3. The local characteristics defined by (2.2) uniquely determine
p(w)=P(X =w) in case p(w) > 0 for all w € Q.

Proof. This is proved in [Bes|. Let w and v be two realisations of X. To simplify
the notation, let s = |S|, then write w = (wy,...,ws) and ¥ = (Yy,...,1s). We
will prove by induction that

n—1

p(w) _ Hp(ws—i ’ wl,---ws—i—17¢s—i+1,-~,¢s)
p (Wh ceeyWs—n, ¢s—n+17 s 7ws) i—0 p (ws—i | Wiy w  Ws—i—1, ws—i—i-la s 77705)
(3.1)

forall 0 < n <s. For n =0 we have p(w) /p(w) = 1, which is obviously true.

So assume (3.1) is true for n. We know that

p<w17 s 7ws—n7¢5—n+17 s 777b8) =
b (ws—n | Wiy ey Ws—n—1, 1/)8—714-17 R 7¢s>p (wlv ceeyWs—n—1, ¢S—TL+17 s 7¢s) (32>

and that

p(w17 tt e 7w37’n717w87’n7 AR 7ws) =

p(wsfn ‘ CLJl, AR 7("-)8771,*17’(/}5*71%*17 AR 7¢S)p(w17 c 7w87n*17¢87n+17 s st) 9
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which we rewrite to

w ) _ p<w17"'7ws—n—la¢s—n7"'aws)
e p(¢s—n | wla'"aws—n—bws—n-&-la--'aws)

p(wla oo 7ws—n—17¢s—n+17 cee

Inserting (3.3) into (3.2) yields

p(wla CIE ,Ws—n;¢s—n+17 LI ad}s) =

P (wsfn | Wiy e oo s Ws—n—1, wsan? c 71/15)

p (wsfn ’ Wiy ey Ws—n—1, wsfnJrla s 7%)
Noticing that the fraction is the factor for i = n on the right hand side of (3.1)

p(wla <. 7ws—n—1aws—na e aws) .

we insert this and rewrite it to

p(W) — ﬁ p(ws—i ’ Wl, .. -ws—i—17¢s—i+17 LI 7¢S)
p(wl, e 7wsfn717wsfna e 7%) p(i/fs—i ‘ wi, - - ~w57171,¢s4+1, cee ;ws)’

which proves (3.1) is true for all n. In particular, if we set n = s, (3.1) yields,

1=0

after renumberig the factors,

w HP wz|w1,--~wi—1,@/}z‘+1,~-,¢s)
w ¢’L | Wi, .. ‘wi—lawi-i-lw .. 7¢S)

for all w,v € Q. Using the fact that ) _,p(w) =1 we can write

pw) ZHp (Wi | wi, - wic1, Yig1, -, Ys)
@Z) weQ i= 1 ¢l|w17"'wi—17¢i+1a"'7¢5)

Therefore we have the representation

—1
(Z e e I

e im1 Wity Yigds - -

for all ¢ € €, which depends only on the local characteristics. 0

In practice, however, this representation of the probability measure as a func-
tion of the local characteristics is not very useful as €2 is a very large set in all
interesting cases. We also need to determine whether a given set of local char-
acteristics matches some distribution. To avoid these problems we will use the

following
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Theorem 3.4. If N is a neigbourhood system on S then X is an MRF over
(S,N) iff p(w) is a Gibbs distribution relative to (S, N).

Proof. This proof is taken from [KS|. Let p be a Gibbs distribution relative to
(S,N). Then
1 1
p(w) = ZG_U(“’)/T = Ee_ YcecVew)/T, (3.5)

The Theorem of Total Probability yields

for all s € § and therefore

p(ws|wt,t%3):m«

So we have, using (3.5),

e ZC@C VC(W)/T
p(ws ‘ Wt, t 7£ S) = Zw/ e*ZCGC Ve(w) /T

(3.6)

For a clique C' that does not contain s we have V¢ (w) = Vi (w') since the w’ may
only differ from w in t. So all these cancel in (3.6) such that p (ws | we, t # s)
depends only on ¢ and its neighbours. Therefore p defines an MRF.

The other direction of this equivalence involves much more. Proofs using
Mébius inversion can be found in [Pre| and [Gri]. A proof making use of the

Hammersley-Clifford expansion can be found in [Bes]. O

Now we are able to specify MRFs by specifying potentials instead of local
characteristics, which is a lot easier. In fact, we can convert potentials into local
characteristics and vice versa by making the the possible cancellations in (3.6)

and obtaining

1
Py |wiy t#5) = e Tence VEIT (37)

S

with
ZS — Z 6_ ZOISEC Vc(wl)/T — Z 6_ ZCISGC Vc(w‘”)/T7 (38)

zeA
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where w” denotes the configuration which agrees with w everywhere except s,
where it is x. These formulae are used when describing the Gibbs sampler with

given potentials in the following sections.

4. THE GIBBS SAMPLER FOR GIBBS DISTRIBUTIONS

In this section we will define the Gibbs sampler and see why it works. The
proofs of the theorems in this section can be found in the appendix of [GG].

To estimate the original data we use maximum a posteriori estimation, a form
of Bayesian estimation, in which we maximise the the posterior distribution
P(X =w|G=g). We know that X is Gibbs distributed, so the problem re-
duces to minimise U with given data g.

First we need to bring the nodes of S into an order in which we will visit them

to apply the new state to them. So let (n;),.n denote this sequence of sites. Let

teN
X, (t) denote the state of node s after ¢ replacement opportunities. We assume
that every site is visited infinitely often and hence get the following result about
convergence.

Theorem 4.1 (Relaxation). Assume that for each s € S the sequence (ny),cp
contains s infinitely often. Then for any starting configuration v € Q and every
w € ) we have

lim P (X (£) =w | X (0) =) =pw).

t—o00

Until now we have kept the temperature of the system constant. But we have
already seen that a decreasing temperature exaggerates the modes of the Gibbs
distribution and therefore speeds up the convergence process. The process of
cooling down the system is called annealing. It is easy to modify the Gibbs
sampler with an annealing schedule. Let pr denote the Gibbs distribution de-

pendent on temperature T, and T (¢) the temperature of the system at step t.
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Recall that €2,,;, is the set of lowest energy configurations and define the distri-
bution py,i, as the uniform distribution on €,,,;,. Finally, define U* = max, U (w)

and U, = min, U (w) as well as the difference A = U* — U,.

Theorem 4.2 (Annealing). Assume that there exists an integer T > |S| such
that S C {ny,...,ngrr—1} for allt € N. Let T (t) be a decreasing sequence of
temperatures such that

lim 7' (t) =0

t—o00

and

T(t) > m

for all t > ty for some tg > 2. Then for any starting configuration b € Q and

logt

every w € () we have

lim P (X (t) = w [ X (0) =) = pmin (@)

t—o00

Altogether we now have all information needed to describe the Gibbs sampling

algorithm (for the Gibbs distribution):

(1) Initialise (w§0)>ses with the given data. Set t=1.

(2) Update value T (t).

(3) Maximise U.

(4) Get samples for each site s € S separately using (3.7) and (3.8), and get
w from them.

(5) Increase t by 1 and continue with step 2.

5. DicITAL IMAGE PROCESSING (CONTINUED)

We will use the powerful results about MRFs and the Gibbs distribution for
further examination of the problem stated in section 2 and quote experimental
results on the restoration of images.

We are interested in the posterior distribution P (F = f,L =1| G = g) with
given degraded image g. We take S = Z,, U D,, from case 3 in section 2, the
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collection of pixel and line sites. We assume that X = (F, L) is an MRF relative
to (S, ) for some neighbourhood system N. For convenience take T' = 1, so we

have, according to Theorem 3.4,

1
P(F=fL=1)= Ee—UW)

and
Uf,0) = Ve(fD)
ceC
for some potential {Vi}.
Recall that G = ¢ (H (F)) © N. As ® is invertible, we denote the inverse by
N =& (G, ¢ (H(F))) = (D)

that affect the blurred image H (F') at s. For example, we choose the co-ordinates

sez,- For s € Z,, let H, C Z,, denote the pixels

5, (k1) =1(0,0)
H<k>l): + |k|7|l| 317(1{;’”7&(070)’

16’

0, else

that is, the pixels of the blurred image are a mixture of the surrounding 3 x 3
pixels; Hy is this 3 x 3 square centered at s. From (2.1) and the definition of H
we see that ®, = v, depends only on g, and {f; | t € H,s}. Since H is linear and
therefore shift-invariant we have H,.s = H, + s as long as none of these crosses
the image boundaries, that is, H, C Z,, and s +r € Z,,. To avoid problems at
the edges of the image we define H, +s = {h+s|h € H,} N Z,,. Further, we
assume that H is symmetric, that is, r € Hg iff —r € Hy. All these properties
are reasonable as H is a blurring matrix and hence should operate equally on

different spots of the image and independent of symmetries.

where H? denotes

Lemma 5.1. The families (Hs \ {s}),c, and (H2\ {s})

m S€EZm’

the second-order system, that is, H2 = U,en. Hrs are neighbourhood systems for

D
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Proof. We have to show that r € H, iff s € H, for all s # r. Shift-invariance and
symmetry straightforwardly yield r € H, iff r —s € Hy iff s —r € Hy iff s € H,.

For the second-order system we have to show that r € H? iff s € H2. Assume
that r» € H2. Then there exists some ¢y € H, such that r € H;,. By the first part

of the proof we also have s € Hy,, and in particular s € J,o,, He = H7. O

Lemma 5.2. Define N¥ = (NF)__. where

S

I A § € D,
N.UHI\{s}, s€ Zn

Then Nt is a neighbourhood system on S. It is called posterior neigbourhood

system.

Proof. We will show that s € N iff t € NF. All cases where s € N, and t € NV;
follow directly from the fact that A is a neighbourhood system, as does the case
s € H? and t € H;. We will show that the two remaining cases never occur.

Case 1: s€ D,, and t € Z,,, \ N.

Assume s € NP = N; UHZ\ {t}. Then we know that s € A; and therefore
t € N, a contradiction.

On the other hand, assume t € N¥ = N, UH?2\ {s}. Therefore t € H?2\ {s},
and, by Lemma 5.1, s € H? \ {t}, a contradiction as well.

Case 2: s € Z,, and t € Z,, \ N,.

Assume s € N = N; UHZ\ {t}. The case s € H? \ {t} is already covered, so
assume s € N;. Then t € N, a contradiction.

Now assume t € NI = N, UH2. Therefore t € H2, and, as H? is a neighbour-

hood system, s € H2. This is one of the covered cases. U

Theorem 5.3. For given data g the posterior distribution P(X =w | G = g) is
Gibbsian relative to (S,NP) with the energy function

UP (w) =U (W) + |M = @ (9,6 (H ()| /20°, (5.1)
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where M € R?m is the matriz that is i everywhere. Recall that p and o* are

mean and variance of N.

Proof. The proof can be found in Section VIII of [GG]. O

Using the algorithm from section 4 we can now restore degraded images. A
computational problem, however, is the minimisation of U”. Since € is too
large to compute it exactly, we must at this point make use of another stochastic
method, the Metropolis algorithm (see [Gam| or [Mat]), which can approximately
optimise UP. Further, the algorithm can be speeded up on a parallel system when
appointing sites to different processors. In the optimal case we would have one
processor per site. Geman and Geman have done experiments with degraded

images with remarkably good success, which can be found in [GG].

6. THE GIBBS SAMPLER IN THE GENERAL CASE AND RELATED

ALGORITHMS

Until now we had the case that the conditional distributions p (w; | wj, 7 # 7)
were Gibbsian. We now want to generalise the Gibbs sampler for more arbitrary
distributions. Further, we introduce the data-augmentation algorithm by [TW]
and the substitution sampling algorithm by [GS].

6.1. The Data-Augmentation Algorithm. This algorithm is based on the

basic equations
PO = 9612000 d: ©.)
and

p@un:/fu|¢wpw|wd¢ (6.2)

Substituting (6.2) into (6.1) yields

mmwz/K@@mmwm, (6.3)
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with
K(9,¢)=/p(9lz,y)p(2|¢,y) dz.

Let T be an integral operator defined by

Tf:/K<-,¢>f<¢> o,

It was shown by [TW] that under mild conditions which usually hold in practical
applications we can solve 6.3 by choosing some initial approximation pg (6 | y)

and successively calculating

pi1 (0| y) = (Tp:i) (0 ]y).

This integral usually cannot be solved analytically. Hence we use the Monte
Carlo method to calculate it in the algorithm.

Therefore the data-augmentation algorithm works as follows:

(1) Initialise po (0 | y). Set i = 1.

(2) Generate a sample z(V) .. 2™ from p, ; (0 | y)
(3) Set
1 & :
pi@y)=—>% p(0]y).
=0

(4) increase ¢ by 1 and continue at step 2.

The proof for the algorithm can be found in [TW].

To illustrate the data-augmentation algorithm we examine an example on ge-
netic linkage, used by both [Lee] and [TW]. Assume that 197 animals are dis-
tributed multinomially into four categories y = (y1,y2, y3,y4) = (125, 18,20, 34)
with cell probabilities

(1+§’<1_e) (1-0) 9>‘

2 4 7 4 4

To illustrate the algorithm, we augment the data y by splitting the first cell into
two, having cell probabilities 1/2 and /4. Therefore the augmented data set is
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given by x = (x1, z9, x3.24, T5), where 1+ xo = Y1, T3 = Yo, T4 = y3 and x5 = ys.

Hence we have the likelihood function
Pyl 0)oc (2+0)" (1—0)"=7 g™,
and for the augmented data the much simpler likelihood
p(x ] 0) o 6727 (1 — g)s+4

For the prior distribution of § we choose a Be (1,1) distribution or, what is the

same, a U [0, 1] distribution. For the posterior distribution we then get
p (9 | :L‘) xXp (9)]9 (ZL‘ | 9) oc fratestl (1 _ Q)I3+x4+1 7

a Beta distribution as well. Therefore the algorithm has to be implemented as

follows:

e Obtain %) from the current estimate of p (6 | y) for 1 <i < m.

e For each draw generate z$ from a b (y1,09/ (6% +2)) distribution to
obtain the augmented data.

e Set the posterior of § equal to a mixture of the obtained Beta distributions,

that is,

m

1 i
p(9’Z/):EZB€<$§)+IIJ5+1,$3+$4+1> (0).

i=1
e Repeat this process with the new estimate.

The R source code for this example can be found in section A.1. Plots of the
estimates after 1, 10 and 50 executions of the algorithm can be seen in Figures 3, 4
and 5. These figures suggest that after 50 executions the estimate of the posterior
is close enough to the true posterior.

The algorithm can be further improved by initially choosing m small and grad-

ually increasing as the approximated distribution approaches the true one [TW].
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If we take three random variables instead of two we can write, analogous to

(6.1) and (6.2),

p<e|y>=//p<9,x|z,y>p<z|y> 0z dz, (6.4)

p<z|y>=//p<z,a|x,y>p<a:|y> drdo (6.5)
and

p(:v!y)z//p(x,wp,y)p(ply) dp dg. (6.6)

Proceeding similar as before we can substitute (6.6) into (6.5), and this new
expression into (6.4). This provides us with an analogous, but much more com-
plicated, fixed point equation to (6.3) and a new integral operator, and the con-
vergence theorems from [TW] hold. Similarly it is possible to develop algorithms

for any finite number of random variables.

6.2. The Substitution Sampling Algorithm. As in the section before, first
look at the case of two random variables. Assume the conditional densities
p(x | z,y)and p(z | x,y) are known. Choose an arbitrary prior density po (z | y)
and draw a sample z(® from it. Since p (z ] z©), y) is available, draw a sample
21 from it, and a sample () from p; (x| y) = p (m | z(l),y). We repeat this
procedure and get a sequence (z?, z(i))i o Now we use the fact that by (6.2)
pi(z]y) Z/p(z |z, y)pi (x| y) do =
/p(Z ‘ I’,y)p(ﬂf ’ Z(iii)vy) dr = /p<z ‘ xuy)pifl (:C | Z,y) dx

together with (6.1) yielding

pi<xry>=/p<x|¢,y>pi<¢1y> a6 =

/ K (2.0)pit (6| ) db = (Tpiy) (x| ).
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Therefore this generation scheme converges according to the theorems from [TW].
For a natural number m generate m iid sequences like this. We call this scheme
substitution sampling algorithm.

When programming the substitution sampling algorithm we again use the

Monte Carlo integration and get the new estimates by

and

Similar to the data-augmentation algorlthm we can extend the substitution

sampling algorithm to more than two random variables, see [TW].

6.3. The Gibbs Sampler. We have an unknown distribution p (6, . .., 04) with
known local characteristics p; (6;) = p(0; | 0,7 # 1) with 1 < i < d. We set an
initial value 6y as an arbitrary estimation of the mode of p and calculate 6; for
1 € N according to the following scheme:

(1) Set j = 0 and set initial values #(*) = (050), . ,9&0)).

(2) For 1 < i < n obtain samples
00 ~p (0060, 000,07

from the conditional distributions and, therefore, a new value 6.

(3) Increase j by 1 and continue with step 2.

Clearly every site is visited infinitely often. As a neighbourhood system we
take the trivial one N; = {1,...,i—1,i+1,...,d}, so we have an MRF, and
therefore p (0) is Gibbsian. So we can use the Relaxation Theorem 4.1 to verify
that the Gibbs sampling algorithm works.

If we want to obtain not just the modes, but the marginal densities, we must

make use of the same method as before to run the process m times separately
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and calculate the estimates by

m

1 ] . .
p(0) = EZP (91'0 \ 91(]),2 + 20>.
k=1
Definition 6.1. If X ~ I',; is gamma distributed with parameters a and b, then

we call X1 ~ f‘a,b inverse gamma distributed with parameters a and b.

As an example for how the Gibbs sampler works we will look at a Poisson
process with a change point, an example first given in [CGS] and quoted in
[Lee] and [Gam]. Given is a sample y = (y1,...,y,) from a Poisson process
with a change point, that is y; ~ Poi (A1) for 1 < i < k and y; ~ Poi()q) for
1+ k < i <n for unknown k, A\; and Ay. As independent prior distributions we
choose k Laplace distributed on {1,...n}, Ay ~ Ly 5, and Ay ~ I'y,p, gamma
distributed. As a third stage in this hierarchical model we say that b; ~ fcl,dl

and by ~ I'¢, 4, are inverse gamma distributed, and a1, ag, c1, c2, di and dy are

known. From [CGS] we get the conditional distributions

AL Ay b bk~ Ty e (6.7)
Ao [ Y, A1 b1, bay ko~ Dogissn b/ ((n—k)bo 1), (6.8)
by \ Y, A1, Az, bg, ko~ fa1+cl,d1(()\1d1+1)a (6-9)

ba | Y, A1, A2, by b~ Doyten do(Oadat1) (6.10)

and
6()\2—>\1)k ()\1/)\2>Z§:1 Yi

—. (6.11
S e(Aa—A1)K/ (>\1/)\2)Z?:1 Yi )

p<k | Y, )\la)\2ablab2) -

Note that the first factor in 6.11 can be very large, and the second one very small.

As expected, testing formula 6.11 gave some enormous numerical errors, so that
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we rewrite it to the more expensive, but also numerically more accurate form

P(k? | Y, )\1,)\2751,172) =

(Z exp (()\2 — M) (K = k) + (Z Yi — Zyz) log (>\1//\2)>> . (6.12)

k=1

An example for a data set are the coal-mining disasters in Britain during the
years 1851-1962 from [MPW] and corrected by [Jar]. The complete data can be
found in Table 1.

So we have n = 112, and we choose a1 = a3 = 1/2,¢; = = 0and d; = dy = 1.
Let m = 100 and iterate the algorithm 15 times. From this parameters we
develop the R programme seen in Appendix A.2. This programme gives us an
approximation of the expected value EFk = 47.85836, which is the year 1897.86 or
9 November 1897. This is a slightly different result than the one from [Lee] and
[CGS]J, who both get values between late 1889 and early 1892. [Lee] suggests that
the change could be a result of the Coal Mines Regulation Act which came into
force on 1 May 1888. Looking at the approximation of the marginal density in
Figure 6 could give a hint in this matter. Apparently there are two peaks in the
density, one of which is around 1889, the other one around 1948. That could mean
that we have two change points in the data. The second one might possibly result
from the radical social reforms introduced by the Labour government 1945-1951
and push the estimate for the first point slightly into the future. The question
arises why [Lee] and [CGS] did not detect this second peak. This might be due to
[Lee]’s simplification of the model into a two-stage hierarchical one and [CGS|’s

numerical instability in their implementation, see equations 6.11 and 6.12.

7. CONCLUSION

We have now constructed the Gibbs sampler and seen some examples. However,
we have said very few about convergence and how fast the algorithm converges.

Most of the recent research on the Gibbs sampler has been concentrating on the
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Year Count Year Count Year Count Year Count
1851 4 1879 3 1907 0 1935 2
1852 5 1880 4 1908 3 1936 1
1853 4 1881 2 1909 2 1937 1
1854 1 1882 5 1910 2 1938 1
1855 0 1883 2 1911 0 1939 1
1856 4 1884 2 1912 1 1940 2
1857 3 1885 3 1913 1 1941 4
1858 4 1886 4 1914 1 1942 2
1859 0 1887 2 1915 0 1943 0
1860 6 1888 1 1916 1 1944 0
1861 3 1889 3 1917 0 1945 0
1862 3 1890 2 1918 1 1946 1
1863 4 1891 2 1919 0 1947 4
1864 0 1892 1 1920 0 1948 0
1865 2 1893 1 1921 0 1949 0
1866 6 1894 1 1922 2 1950 0
1867 3 1895 1 1923 1 1951 1
1868 3 1896 3 1924 0 1952 0
1869 5 1897 0 1925 0 1953 0
1870 4 1898 0 1926 0 1954 0
1871 5 1899 1 1927 1 1955 0
1872 3 1900 0 1928 1 1956 0
1873 1 1901 1 1929 0 1957 1
1874 4 1902 1 1930 2 1958 0
1875 4 1903 0 1931 3 1959 0
1876 1 1904 0 1932 3 1960 1
1877 5 1905 3 1933 1 1961 0
1878 5 1906 1 1934 1 1962 1

TABLE 1. British coal-mining disasters 1851-1962

25
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improvement of convergence. Improvement can be gained by different strategies
for forming the sample, visiting and updating the different sites, arranging the
components of ¢ into blocks and several other strategies, see the references in
[Gam]. In [BBDS] A. Gelman and D. Rubin proved that it is not possible to
get precise results from a single sample series, but that for fast convergence we
always need to run several processes simultaneously. The title of this article
gives a good summary about its main result: “A Single Series from the Gibbs
Sampler Provides a False Sense of Security”. [RS] provide us with several good
results about convergence optimisation. They compared different random and
non-random updating strategies and found out optimal strategies for different
types of applications.

The Gibbs sampler can be used in quite a few different applications. We have
already seen its usefulness in digital image processing and change point analysis.
It is still possible to apply the Gibbs sampler if we have some missing data in the
data that we want to analyse for change points, see for example [CGS], who used
the algorithm on the coal mining data with 20% removed. The Gibbs sampler

can often be applied in hierarchical and dynamic models, see [Gam)].
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APPENDIX A. SOURCE CODE AND OUTPUT

This R source code can also be found on my webpage

http://maths.vic-fontaine.de/ on the Internet.

A.1. The Genetic Linkage Example.

#
# linkage.r (Genetic Linkage Example)
#

# Start algorithm

y <- c(125, 18, 20, 34)

# input data y

integral <- .2357695165e29

# The integral was calculated beforehand using MAPLE

# integral:= int((2+x)~125%(1-x)~(18+20)*x"34, x=0..1);

true <- function(x) ((2+x) y[1]*(1-x)~(y[2]+y[3])*x"y[4]/integral)
# calculate the true posterior

m <- 1600

# take 1600 samples

theta <- runif(m, min=0, max=1)

# get samples from prior distribution

x2 <- rbinom(m, y[1], theta/(theta+2))

# augmentation

posterior <- function(x) (1/m*sum(dbeta(x, x2+y[4], y[2]+y[3])))
# estimate posterior distribution

datax <- (0:1000)

for (i in 1:1001) datax[i] <- (i-1)/1000

datay <- (0:1000)

for (i in 1:1001) datay[i] <- posterior((i-1)/1000)
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x11(record=T)

plot(datax, datay, ylim=c(0,8), type="1",
xlab="theta", ylab="density", main=1)

# plot the estimate

curve(true, 0, 1, n=1001, add=TRUE)

# plot the true posterior to compare it to the estimate

for (j in 1:49)
# execute the algorithm 49 more times
{
decomp <- sample(m, m, replace=TRUE)
# decomposite the estimate according to [KG] section 6.4.2
theta <- (0:1000)
for (i in 1:1001) thetali] <-
rbeta(l, x2[decomp[il]+y[4], y[2]+y[3])
x2 <- rbinom(m, y[1], theta/(theta+2))
if ((3==9) | (j==24) | (j==49))

{
posterior <-
function(x) (1/m*sum(dbeta(x, x2+y[4], y[2]+y[3])))
for (i in 1:1001) datayl[i] <- posterior((i-1)/1000)
x11(record=T)
plot(datax, datay, ylim=c(0,8), type="1",
xlab="theta", ylab="density", main=j+1)
curve (true, 0, 1, n=1001, add=TRUE)
}
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FiGURE 3. Estimate of the posterior density after 1 execution of
the data-augmentation algorithm for the data (125, 18,20, 34)

A.2. The Coal-Mining Disasters Example.

#
# mining.r (Coal-Mining Disasters Example)

#

# set constants, parameters and data

29
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FIGURE 4. Estimate of the posterior density after 10 executions of
the data-augmentation algorithm for the data (125, 18,20, 34)
m <- 100
t <- 15
n <- 112
y <- c(4, 5, 4, 1, 0, 4, 3, 4, 0, 6, 3, 3, 4, 0, 2, 6, 3, 3,
5, 4, 5, 3, 1’ 4’ 4’ 1’ 5, 5, 3, 4, 2, 5, 2, 2’ 3’ 4’ 2,
1, 3,2,2,1,1,1,1, 3,0, 0,1, O, 1, 1, 0, O, 3, 1,

30
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FI1GURE 5. Estimate of the posterior density after 50 executions of
the data-augmentation algorithm for the data (125, 18,20, 34)
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c2 <- 0
dl <- 1
d2 <- 1

# calculate partial sums that are frequently needed
partsum <- (0:n)

for (i in 2:(n+1))

{
partsum[i] <- partsum[i-1]+y[i-1]

}

# set initial data (arbitrary choices)
k <- (1:m)

11 <- (1:m)

12 <- (1:m)

bl <- (1:m)

b2 <- (1:m)

for (i in 1:m)

{
b1[i] <- 0.5
b2[i] <- 0.5
k[i] <- 56
}

# execute the algorithm t times
for (j in 1:t)
{
# create m independent sequences
for (1 in 1:m)
{
# step for lambda_1
11[1] <- rgamma(l, al+partsum[k[1]+1],
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b1[1]/(k[1]1*b1[1]+1))
# step for lambda_2
12[1] <-
rgamma(l, a2+partsum[n+1]-partsum[k[1]+1],
b2[1]/((n-k[1])*b2[1]+1))
# step for b_1
b1[1] <- 1/rgamma(l, al+cl, d1/(11[1]*d1+1))
# step for b_2
b2[1] <- 1/rgamma(l, a2+c2, d2/(12[1]*d2+1))
# step for k
# calculate the inverses due to
# overflows in the exponentials
invers <- (1:n)

for (i in 1:n)

{
invers[i] <- 0
for (p in 1:n)
invers[i] <- invers[i] +
exp((12[1]1-11[11)*(p-1)+
(partsum[p+1]-partsum[i+1])*1log(11[1]/12[1]))
}

# generate vector with probabilities
prob <- 1/invers

# sample

k[1] <- sample(n,1,prob)

+
# Monte Carlo Integration, here only for k

marg <- (1:n)
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for (i in 1:n)

{
marg[i] <- 0
}
for (1 in 1:m)
{
# use the same scheme as in the algorithm
invers <- (1:n)
for (i in 1:n)
{
invers[i] <- 0
for (p in 1:n)
invers[i] <- invers[i] +
exp ((12[1]-11[1]1)* (p-i)+
(partsum[p+1]-partsum[i+1])*log(11[1]1/12[1]))
}
prob <- 1/invers
marg <- marg + prob/m
}

# calculate expected value
print (sum((1:n)*marg))
# plot the marginal distribution

plot((1:n) ,marg)

34
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F1GURE 6. Estimate of the marginal density of k£ using the Gibbs

sampler on the coal mining data.
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